Abstract. We show that the fundamental quandle defines a functor from the oriented tangle category to a suitably defined quandle category. Given a tangle decomposition of a link L, the fundamental quandle of L may be obtained from the fundamental quandles of tangles. We apply this result to derive a presentation of the fundamental quandle of periodic links, composite knots and satellite knots.
Introduction
A quandle is an algebraic structure whose axioms express invariance under the three Reidemeister moves. The idea of studying knots using quandles arose in the 1980's by Joyce [8] and Matveev [12] . In this century, quandle-type invariants were extensively developed and successfully used in the theory of classical and virtual links. Most of these invariants are based on the fundamental quandle, which can be defined for any codimension 2 submanifold [7] .
The fundamental quandle of a knot is a generalization of the knot group. Since fundamental group defines a functor with well known properties, our aim was to find out whether the fundamental quandle also defines a functor between suitable categories, and which properties it enjoys. A suitable source category is the oriented tangle category. Fundamental quandles of tangles were previously used to study tangle embeddings [1] , [14] , composite knots [6] and quantum invariants of links [2] . To explain a theoretical background of these results, we study the fundamental quandle of tangles via its topological definition.
By interpreting the fundamental quandle as a functor, the fundamental quandle of any link may be decomposed into simpler quandles that represent the fundamental quandles of tangles. This method is particularly useful when studying periodic links, composite knots or satellite knots. Also, knot quandle decomposition becomes a necessary tool when studying large links with many crossings, whose crossing information is too complicated to compute the quandle invariants in one piece.
The paper is organized as follows. In Section 2, we introduce the source and the target category of the fundamental quandle functor. In Subsection 2.1, we recall the oriented tangle category and introduce some basic notions that we will need. Subsection 2 contains the definition of the bordered quandle category. In Section 3, we recall the definition of the fundamental quandle of a codimension 2 submanifold. We show that the fundamental quandle defines a functor from the oriented tangle category to the bordered quandle category. Section 4 contains several applications of the fundamental quandle functor. We begin by computing the fundamental quandle of the closure of a tangle. In Subsection 4.1, we derive a presentation for the fundamental quandle of a periodic link. In Subsection 4.2, we focus on composite knots, describe a presentation of their fundamental quandle and discuss colorings of composite knots. In Subsection 4.3 we study satellite knots. Using a suitable tangle decomposition of a satellite knot, we derive a presentation of its fundamental quandle in terms of fundamental quandles of the companion and the embellishment knot and give two explicit calculations. We conclude the paper (see Subsection 4.4) with some ideas for further research, based on our results.
The oriented tangle category and the bordered quandle category
In this section, we recall the definition of oriented tangle category and define the bordered quandle category.
2.1.
Oriented tangle category. Let D be the closed unitary disk in C. The objects of the oriented tangle category T + are given as P φ n , where • P n is a (possibly empty) finite ordered sequence of points P n = (p 1 , . . . , p n ) on the real interval [−1, 1] ⊂ D, such that −1 < p 1 < p 2 < . . . < p n < 1, • φ : P n → {−1, +1} is a function. If n = 0, then φ : ∅ → {−1, +1} is just the trivial inclusion. We may think of the values of φ as a decoration (a plus or minus) for each of the points in P n . We will call φ(p i ) the sign of p i , and the function φ could be thought of as an orientation of {p 1 , . . . , p n }. If φ is the constant function equal to +1 (resp. −1), we set P φ n = P + n (resp. P φ n = P − n ). Given two objects P φ n and P ψ m , a morphism from P φ n to P ψ m is an oriented (n, m)-tangle, that is an oriented 1-submanifold τ of D × I, whose oriented boundary ∂τ equals 
A morphism from P φ n to P ψ m will be called a (φ, ψ)-tangle or sometimes just an (n, m)-tangle when we don't need to refer to orientations.
Given a (φ, ψ)-tangle τ , the negative (resp. positive) oriented boundary of τ is defined as
Note that with the above convention, a component of a tangle with nonempty boundary has endpoints in different boundaries if and only if the endpoints have the same sign. Moreover it is oriented upwards (with respect to the height function on the cylinder) if the sign of the endpoints is +, and downwards if the sign is −. While a component having both ends in the upper disk (resp. lower disk) goes from a − point to a + point (resp. from a + point to a − point).
Geometrically, the composition τ 1 τ 2 of two tangles consists of the tangle obtained by stacking the tangle τ 2 over τ 1 , identifying ∂ + τ 1 with ∂ − τ 2 , and rescaling the resulting solid cylinder to D × I.
Given an object P φ n , we denote by P −φ n the object obtained by changing the signs of all the points. If τ is a morphism from P 
The tangle category is a strict monoidal category, which means it has a tensor-like product. The tensor product of two objects P φ n ⊗ P ψ m (resp. two tangles τ 1 ⊗ τ 2 ) is the sequence of n + m points (resp. tangle), obtained by juxtaposing P m (resp. τ 2 ) to the right of P n (resp. τ 1 ), keeping the signs. This operation is associative and has the empty sequence as the (left and right) identity object.
By forgetting signs and orientation, we obtain a surjective faithful forgetful functor from T + to T , where T is the tangle category, that is the category whose objects are (possibly empty) finite ordered sequences of points and whose morphisms are tangles. We denote by P n the image of P φ n in T , while the image of an oriented tangle τ will still be denoted by τ . Remark 2.1. In the tangle category, a link in R 3 or S 3 can be seen as a morphism from the empty set to itself, while braids on k strands are isomorphisms of P k . With this in mind, we can rephrase and extend the notions of classical closure and plat closure of braids to tangles as follows. Given a (k, k)-tangle τ , the classical closure of τ is the link τ = λ k (τ ⊗ T k )λ k ; while given a (2n, 2m)-tangle τ , the plat closure of τ is the link τ = µ n τ µ m , see Figure 3 . Note that, since Figure 3 . Two types of the closing-up operation on tangles: classical closure τ (left) and plat closure τ (right).
Analogously, oriented links could be seen as morphisms from the empty set to itself in the oriented tangle category. An oriented version of the classical closure could be defined for each
. . , k, while η coincides with φ on the first k points and coincides with ψ on the last k points. Note that η = η. On the contrary, the plat closure could be defined only for (φ, ψ)-tangles such that φ(p 2i−1 ) = −φ(p 2i ) and ψ(p 2j−1 ) = −ψ(p 2j ), for i = 1, . . . , n and j = 1, . . . , m as τ = µ φ n τ µ ψ m . The previous remark describes two different ways to "close" a tangle. On the contrary, given a link L in D × I, any 2-disk D t = D × {t}, intersecting the link transversely in 2n points, decomposes the link into two tangles τ 1 and τ 2 , such that τ 1 is a (0, 2n)-tangle, τ 2 is a (2n, 0)-tangle and τ 1 τ 2 = L. Clearly, this decomposition generally depends on the disk D t . Nevertheless, this idea of splitting can be used, for example, to describe the connected sum of knots, as is done in Subsection 4.2.
2.2. Bordered quandle category. Definition 2.1. A quandle is a set Q with a binary operation : Q × Q → Q, which satisfies the following axioms:
(1) x x = x for every x ∈ Q, (2) the map α y : X → X, defined by α y (x) = x y, is invertible for every y ∈ Q, and (3) (x y) z = (x z) (y z) for every x, y, z ∈ Q.
We set x y = α −1
y (x). With this notation, clearly (x y) y = x = (x y) y. Moreover, a quandle homomorphism is a function f : The quandle category Q is the category whose objects are quandles and whose morphisms are quandle homomorphisms. In the remainder of this section, we will define another category based on quandles: the bordered quandle category. The objects of this category will be free quandles.
Definition 2.2. Given a set X, the free quandle on X is the quandle (X × F G (X), ), where F G (X) is the free group over X and the operation is defined as (x 1 , a) (x 2 , b) = (x 1 , ab −1 x 2 b). The free quandle on X will be denoted by F (X) and the elements of X will be called the generators of the free quandle. Clearly, two free quandles F (X 1 ) and F (X 2 ) are isomorphic if and only if X 1 and X 2 have the same cardinality.
We define the bordered quandle category BQ as follows. The objects of BQ are free quandles with finitely many (possibly zero) generators. A free quandle with zero generators is simply the empty set, viewed as an empty quandle. For two objects F 1 and F 2 , a morphism with source F 1 and target F 2 is given by a quandle Q, together with two quandle homomorphisms
Observe that if either of F 1 , F 2 is the empty quandle, its inclusion into Q is automatically a quandle homomorphism.
Given three objects F 1 , F, F 2 ∈ Ob(BQ) with morphisms F 1
← F 2 , define their composition by the triple
where Q 1 * (F,i,j) Q 2 denotes the amalgamated product of Q 1 and Q 2 with respect to the triple (F, i, j), that is the pushout in the quandle category. It is easy to see this is indeed a category: amalgamation of quandles as a pushout is associative, while any object F ∈ Ob(BQ) admits the identity morphism F id → F id ← F that satisfies the required property.
Fundamental quandle as a functor
In this section, we recall the definition of the fundamental quandle of a codimension 2 submanifold of a topological manifold. Moreover, we show that using the fundamental quandle it is possible to define a functor from the oriented tangle category T + to the bordered quandle category BQ.
this will be the underlying set of the fundamental quandle. During homotopy, the basepoint is kept fixed, while the initial point of the path is free to move in ∂N L . For any point p ∈ ∂N L , denote by m p the loop in ∂N L based at p, which follows around the meridian in the positive direction. Let two elements a, b ∈ Γ L be represented by the paths α and β respectively. The fundamental quandle Q(L) of L is the set Γ L with operation
where β is the reverse path to β and · denotes the composition of paths.
If L 0 ⊂ M is an empty submanifold of a connected manifold M , then we define its fundamental quandle Q(L 0 ) to be the empty quandle.
Example 3.1. Given P φ n ∈ Ob(T + ), the underlying set {p 1 , . . . , p n } is a codimension 2 submanifold of the disk D. We assume the orientation of the disk is induced by the standard orientation of R 2 , so that its boundary is oriented counterclockwise, and that the meridian m p i of a point p i is oriented counterclockwise (resp. clockwise) if φ(p i ) = + (resp. φ(p i ) = −). Let a i be the homotopy class of the path α i depicted in Figure 4 , and let µ i be the homotopy class of m p i for i = 1, . . . , n. The elements of Q(P 
. . , a n ). 
positive meridian in ∂N ∂L is still positive in ∂N L . For this to be true, we need to assume that the orientation in ∂L is induced by that in L or, equivalently, that ι is orientation preserving.
Now we are ready to define a functor from the oriented tangle category to the border quandle category.
Definition 3.2. The functor BQ : T + → BQ from the oriented tangle category to the bordered quandle category is defined as follows:
For an object P φ n ∈ Ob(T + ) with n ≥ 1, we set BQ(P φ n ) = Q(P φ n ), which is a free quandle with n generators by the Example 3.1. If P 0 ∈ Ob(T + ) is the empty object, then BQ(P 0 ) is the empty quandle.
Given a morphism τ ∈ Hom(P φ n , P 
We define BQ(τ ) to be the morphism of BQ, given by the triple
. We use the convention that if either m or n is equal to zero, then the corresponding homomorphism is omitted from the triple. We call BQ the fundamental quandle functor.
In order to justify this definition, we need to prove that BQ actually is a functor. Proof. For any object P φ n ∈ Ob(T + ), its identity morphism id P φ n is the trivial tangle T φ n (see the left picture of Figure 2 ). It is straightforward to check that the fundamental quandle of this tangle is the free quandle with the same set of generators as Q(P φ n ) (see Example 3.1), so
Indeed, the composite tangle τ 1 τ 2 is the (ψ, ρ)-tangle, obtained by stacking the tangle τ 2 over τ 1 and identifying the common boundary
is represented by a path from ∂N τ 1 or ∂N τ 2 inside ∂N τ 1 τ 2 to the basepoint. So, for i = 1, 2 we can define quandle homomorphisms
) Q(τ 2 ) and the boundary inclusions give quandle homomorphisms i
, which concludes the proof. 
Remark 3.5. The functor BQ behaves nicely with respect to the tensor product of tangles. Given τ 1 ∈ Hom(P
), the functor sends their product τ 1 ⊗ τ 2 into
Remark 3.6. As we mentioned in Section 2, braids on k strands are isomorphisms of P k in the tangle category. While the fundamental quandle of a braid is always free, our functor BQ sends a braid β into a triple Q(P k )
, where i − and i + are both quandle isomorphisms. Therefore the composition (i + )
is an automorphism of the free quandle. In [7, pages 390-391] a similar remark was made in the category of racks (i.e, algebraic structures satisfying properties (2) and (3) of Definition 2.1), and the authors proved that the map β → β * defines a faithful representation of the braid groups in the automorphism group of the free rack.
As is the case with groups, every quandle admits a quandle presentation. Before recalling its definition, we need to fix some notation. Any free quandle F (X) is characterized by the following universal property: for any function f from X to a quandle Q, there exists a unique quandle homomorphism f : F (X) → Q, such that f ι = f , where ι : X → F (X) is the inclusion, given by ι(x) = (x, 1). Definition 3.3. Let Q be a quandle. A presentation X | R for Q is the data of two sets X and R ⊂ F (X) × F (X), and a function g : X → Q that satisfies:
To avoid cumbersome notations, we will usually replace a relation (r, s) ∈ R by an equality r = s, and denote an element ι(x) ∈ F (X) simply by x. Moreover, we will write x 1 , . . . , x m | r 1 , . . . , r n instead of {x 1 , . . . , x m } | {r 1 , . . . , r n } .
Corollary 3.7. Given a (φ, ψ)-tangle τ 1 and a (ψ, ρ)-tangle τ 2 , let their fundamental quandles be given by presentations Q(
, then the fundamental quandle of τ 1 τ 2 is given by the presentation
In [7] the authors describe how to find a presentation for the fundamental quandle of a link in 
Fundamental quandle of links as closure of tangles
In this section, we focus on the study of links. First we analyze how the functor introduced in Section 3 can be used to compute the fundamental quandle of the closure of a tangle. Then we concentrate on some specific classes of links: periodic links, composite knots and satellite knots.
Let τ be a (φ, φ)-tangle and let BQ(τ ) :
. . , k and η coincides with φ on the first k points and with ψ on the last k points. By Remark 3.5, we obtain
where i + k is the map described in Example 3.4. So using presentations Q(τ ) = Y | R and Q(T F (x 1 , . . . , x k ) = F (X), applying Corollary 3.7 together with the computations of Example 3.4, we obtain F (a 1 , . . . , a 2k ) , that easily simplifies to (1) 
where BQ(τ ) : 
In the remainder of this section, we will apply presentations (1) and (2) to the computation of the fundamental quandle of periodic links, composite knots and satellite knots.
Periodic links. A link L in S
3 is called periodic with period p or p-periodic, if there is an orientation preserving homeomorphism θ p : S 3 → S 3 of order p with a set of fixed points h ∼ = S 1 disjoint from L, which maps L to itself. Periodic links are important for knot theory in lens spaces, since they are lifts of links in lens spaces under the universal covering S 3 → L(p, q) (see for example [4] ).
Consider S 3 as R 3 ∪ {∞} with ∞ ∈ h. A p-periodic link admits a regular diagram D L , contained in a plane π ⊂ R 3 orthogonal to h, such that the restriction of θ p to π is a rotation of order p around the point O ∈ π ∩ h and fixes the diagram D L (see [3, page 267] ). Let A be the convex angle, delimited by a ray r exiting from O, and its image θ p (r): the set D L ∩ A can clearly be seen as a diagram of a (k, k)-tangle τ , where k is the cardinality of D L ∩ r. So L can be expressed as τ p (see Remark 2.1 and Figure 5 ). On the contrary, given any (k, k)-tangle τ , the link τ p is a p-periodic link. If τ is a (φ, φ)-tangle with presentation y i,1 | r j,1 i = 1, . . . , m, j = 1, . . . , n and such that
, then it follows from Corollary 3.7 and presentation (1) that the fundamental quandle of the p-periodic link τ p has the following presentation:
where
. . , a k ) and the function ψ acts on a word shifting by one mod p the second index of each letter appearing in the word. Example 4.1 (Fundamental quandle of the pretzel knot P (3, 3, 3) ). Consider the knot 9 35 , depicted in the left part of Figure 6 , that is also known as the pretzel knot P (3, 3, 3 ). As the diagram shows, it is a 3-periodic knot and can be described as τ 3 , where τ is the (2, 2)-tangle depicted in the right part of the figure. Using the procedure, described on p.9, we can easily obtain Q(τ ) = y 1 , y 2 , y 3 , y 4 , y 5 | y 3 y 4 = y 1 , y 4 y 3 = y 2 , y 5 y 2 = y 3 . The functor BQ maps τ τ 2 are (1, 1) -tangles. The connected sum K 1 K 2 of K 1 and K 2 can be expressed as λ 1 (τ 1 ⊗ τ 2 ) λ 1 . While tangles τ 1 and τ 2 clearly depend on the chosen decomposition, the connected sum K 1 K 2 is uniquely defined by K 1 and Figure 7 . Connected sum of knots.
We can assume that τ 1 is oriented from top to bottom (so the sign of both its boundary points is −), while τ 2 is oriented from bottom to top (so the sign of both its boundary points is +). Presentation (1) for the fundamental quandle of the classical closure of a tangle then specializes to the following presentations:
(b 1 ) are the arcs depicted in Figure  7 and
. Using these presentations and applying Corollary 3.7, we obtain the following presentation for the fundamental quandle of K 1 K 2 : Figure 8 , we obtain the following presentations So the fundamental quandle of the granny knot has a presentation
Using presentation (3), a relationship between the counting invariants of K 1 , K 2 and that of K 1 K 2 may be obtained, as it was done in [6] . We recall that a coloring of a tangle τ by a finite quandle T , or a T -coloring, is a quandle homomorphism f : Q(τ ) → T . Denote by Col T (τ ) the set of all colorings of a tangle τ by a fixed quandle T . The number of all colorings |Col T (τ )| is called the counting invariant of τ with respect to T . If the coloring quandle T has some special properties, the counting invariant of a composite knot K 1 K 2 may be derived from the counting invariants of K 1 and K 2 .
Definition 4.1. Let Q be a quandle. Denote by α : Q → Aut(Q) the map, given by α(y) = α y for every y ∈ Q (see Definition 2.1). The quandle Q is connected if α(Q) acts transitively on Q. The quandle Q is called faithful if the map α is an injection.
A T -coloring of a tangle τ can be used to color its endpoints, i.e., the elements of
, where a i is the generator of Q(∂ + τ ), corresponding to the point (p i , 1) (a i is the homotopy class of the path α i , depicted in Figure  4 ). An analogous definition can be given for points in ∂ − τ by replacing + with −. It follows from this lemma that if T is a faithful quandle, every coloring of a (1, 1)-tangle τ induces a coloring of the link τ and vice-versa. Applying this to tangles τ 1 and τ 2 , such that K i = τ i for i = 1, 2, we obtain the following restatement of results [6, Lemma 3.4, Lemma 3.6]:
Lemma 4.4. Let T be a finite connected faithful quandle, then
Proof. Let K be any knot and fix a diagram D K of K. To each arc of the diagram D K there corresponds an element x in Q(K): denote by Col (T,a) (D K , x) the set of all colorings of the diagram D K such that the arc labeled by x receives the color a ∈ T , i.e., the elements f of Col T (K) such that f (x) = a. Then we have Col T (K) = a∈T Col (T,a) (D K , x). Choose any a, b ∈ T . Since T is connected, there exists an element c ∈ T such that a c = b. Define a map φ :
For two knots K 1 and K 2 , let τ i be a (1,1)-tangle such that τ i = K i , for i = 1, 2. Then the fundamental quandle of K 1 K 2 = τ 1 τ 2 admits the presentation (3) that stems from presentations Q(τ 1 ) = x 1 , . . . , x k , X | r 1 , . . . r h and Q(τ 2 ) = y 1 , . . . , y n , Y | s 1 , . . . s m , see Figure 7 . For every coloring f ∈ Col T (K 1 K 2 ), the restriction f | τ i for i = 1, 2 induces a coloring of the tangle τ i , that in turn induces a coloring of K i by Lemma 4.3. Both induced colorings agree at the endpoints of the (1, 1)-tangles:
for any x ∈ Q(K i ) with i = 1, 2, induces a coloring of the composite knot K 1 K 2 . Thus, we have a bijection
Satellite knots.
A satellite knot is a knot K in S 3 , whose complement contains an incompressible torus that is not parallel to the boundary of the regular neighborhood of K.
Given an oriented satellite knot K, it is possible to associate to K a couple of oriented knots, the companion and the embellishment, as follows. Choose an incompressible, non boundary parallel torus T in the complement of K. Let V be the solid torus, bounded by T : the core of V (associated with T ) is called the companion of K and is denoted by C. Note that K ⊂ V , and orient C so that K is homologous in V to wC with w a non-negative integer number (there a choice to be made when w = 0). The number w is called the winding number of K. Let U be an unknotted solid torus U ⊂ S 3 and let f : V → U ⊂ S 3 be an orientation and longitude preserving homeomorphism: the knot E = f (K) is called the embellishment of K.
Various invariants of K may be expressed in terms of C and E: for example in [11] , the Alexander module is computed in such a way. Analogously, we would like to express the fundamental quandle of a satellite knot K in terms of the fundamental quandles of its companion and embellishment. In order to do this, we need to introduce the following definition. 
Given a (φ, ψ)-tangle τ , for each natural number N ≥ 2 we define the N -cable of τ , denoted by N τ , as the (N φ, N ψ)-tangle given by ∪ χ i=1 f i ({t 1 , . . . , t N } × I), where t 1 , . . . , t N are points in I such that 0 = t 1 < t 2 < · · · < t N −1 < t N = 1 (see Figure 9 for an example with N = 2). Figure 9 . A tangle τ (left) and its 2-cable 2τ (right).
Note that T k = kT 1 and λ k = kλ 1 .
Let K be an oriented satellite knot and let T be an incompressible, non boundary parallel torus in the complement of K. As above, let V be the solid torus bounded by T , let C be the companion of K (associated to T ) and let f : V → U with f (K) = E.
We choose a parametrization of the trivial solid torus U = D × S 1 that satisfies the following:
is a (φ, φ)-tangle, whose orientation is induced by that of E, and assuming that D 0 is the bottom disc of the cylinder, we have E = τ E . Note that the tangle
is T 1 and that the sum of signs of φ equals the winding number of K. Consider a solid torus standardly embedded in S 3 containing V such that f −1 (D 0 ) and f −1 (D 1 ) are contained in meridional disks and C = τ C , where τ C is the (1, 1)-tangle f −1 (τ f (C) ):
, where kτ C is a (ψ, ψ)-tangle with ψ(p k−i+1 ) = −φ(p i ) for i = 1, . . . , k, while η coincides with φ on the first k points and with ψ on the last k points. As a consequence, we have that
Remark 4.5. Note that for k = 1 we obtain K = λ 1 (τ E ⊗ τ C )λ 1 and so K = E C: indeed, composite knots are a particular case of satellite knots.
The following proposition describes how to obtain a presentation of Q(kτ ) given a presentation of Q(τ ) and a choice of signs on the boundary points. Denote by x 1 , . . . , x r the arcs (or curves) of D τ and by C 1 , . . . , C s its crossings. Fix ∈ {−1, 1} N , and let τ be the N -cable of τ , oriented so that the j − th copy of τ has the same orientation as τ if j = +1 and the opposite one otherwise. Then we have:
where r kj :
x lN if the arcs of the crossing C k are labeled as depicted in the left part of Figure 10 and where 1 = and −1 = .
x l2
x l(N −1)
x lN 
As a result, we obtain the presentation of Q( τ ) stated above.
Using Proposition 4.6 together with Corollary 3.7, we can compute a presentation of the fundamental quandle of a satellite knot K = λ η k (τ E ⊗ kτ C )λ η k starting from τ E and τ C . In this case, the vector ∈ {−1, 1} k has to be chosen so that τ C is a (ψ, ψ)-tangle. We illustrate our results by two explicit calculations. 2) -cable of the figure-eight knot). We decompose this satellite knot K into tangles as K = λ 2 (τ E ⊗ (1, 1)τ C )λ 2 , with orientation indicated in Figure 11 . The fundamental quandles of tangles τ E and (1, 1)τ C admit presentations Q(τ E ) = y 1 , y 2 , y 3 , y 4 , y 5 | y 3 y 1 = y 2 , y 5 y 3 = y 1 , y 4 y 5 = y 3 Q((1, 1)τ C ) = {x ij | i = 1, 2, 3, 4, 5, j = 1, 2} | {(x 4j x 11 ) x 12 = x 3j , (x 2j x 31 ) x 32 = x 1j , (x 4j x 21 ) x 22 = x 5j , (x 2j x 41 ) x 42 = x 3j | j = 1, 2}
It follows that the fundamental quandle of the satellite K is given by the presentation Q(K) = {y i , x ij | i = 1, . . . , 5, j = 1, 2} | {y 1 = x 11 , y 2 = x 12 , y 4 = x 51 , y 5 = x 52 , y 3 y 1 = y 2 , y 5 y 3 = y 1 , y 4 y 5 = y 3 , (x 4j x 11 ) x 12 = x 3j , (x 2j x 31 ) x 32 = x 1j , (x 4j x 21 ) x 22 = x 5j , (x 2j x 41 ) x 42 = x 3j | j = 1, 2} that reduces to Q(K) = y 1 , y 2 , x 21 , x 22 , x 41 , x 42 | (x 21 ((x 41 y 1 ) y 2 )) ((x 42 y 1 ) y 2 ) = y 1 , 4.4. Conclusion. In this paper, knot quandle decompositions were introduced. We demonstrated how by such decompositions, fundamental quandles of links may be analyzed and their presentations simplified, thereby making the quandle invariants of links more useful. To conclude, we offer some ideas for further research.
(1) By analyzing the fundamental quandle of links using quandle decompositions, is it possible to determine which quandles are fundamental quandles of links? (2) In Subsection 4.2, we derived a relationship between the counting invariant of a composite knot and the counting invariants of its factor knots. What can be said about counting invariants (or other quandle invariants) of satellite knots? What about periodic links -is there a relationship between the counting invariant of a periodic link τ p and the counting invariant of the tangle τ ? (3) As we mentioned in Remark 3.6, the functor BQ may also be used in the study of braids.
To begin with, one could try to understand the representation of the braid group B k in the automorphism group of the free quandle Aut(F (P k )). Using this representation, new quandle invariants of braids may be defined.
